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Анотация. В статье рассмотрено проведение полного факторного эксперимента типа 2 в степени «к».
Экспериментный план был реплицирован проведением двух параллельных опытов. Проверена гипоте�
за воспроизводимости опытов, которая подтвердила факт отсутствия необходимости проведения по�
вторного эксперимента. Представлена эмитационная модель. Методом наименьших квадратов были
найдены коэффициенты уравнения регрессии. Коэффициенты уравнения были проверены на статис�
тическую значимость, а модель на адекватность. Анализ модели показал значимость не только линей�
ных эффектов, но и парных взаимодействий факторов. Была установлена совместимость эффектов.
Для получения дополнительной информации о результатах эксперимента был применен метод линей�
ной интерполяции экспериментальных данных, была построена поверхность отклика, а также двумер�
ные сечения поверхности отклика.

Ключевые слова: факторный эксперимент, метод наименьших квадратов, адекватность модели,
линейная интерполяция.
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Аннотація. У статті розглянуто проведення повного факторного експерименту типу 2 в ступені «к».
Експериментний план було репліковано проведенням двох паралельних дослідів. Перевірено гіпотезу
відтворюваності дослідів, яка підтвердила факт відсутності необхідності проведення повторного експе�
рименту. Представлена емітаційна модель. Методом найменших квадратів були знайдені коефіцієнти
рівняння регресії. Коефіцієнти рівняння були перевірені на статистичну значущість, а модель на адек�
ватність. Аналіз моделі показав значимість не тільки лінійних ефектів, але і парних взаємодій чинників.
Була встановлена сумісність ефектів. Для отримання додаткової інформації про результати експери�
менту був застосований метод лінійної інтерполяції експериментальних даних, була побудована поверхня
відгуку, а також двовимірні перерізи поверхні відгуку.

Ключові слова: факторний експеримент, метод найменших квадратів, адекватність моделі, лінійна
інтерполяція.
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Abstract. The article considers the conduct of a full factorial experiment. The hypothesis of the
reproducibility of the experiments was verified, which confirmed the fact that there was no need to conduct
a repeat experiment. The emitting model is presented. By the method of least squares, the coefficients of the
regression equation were found. The analysis of the model has shown the significance of not only linear
effects but also of paired interactions of factors. The response surface is constructed, as well as the two�
dimensional cross sections of the response surface.

Keywords: factor experiment, furnace arch, least squares method, model adequacy, linear interpolation.

Before the development of the experiment plan on
the basis of a priori information, the factors influ�
encing the strength of the archway (P, kN) were
identified, such factors include: coefficient depend�
ing on the temperature under the roof in the reac�
tion chamber of the furnace (k), the span of the arch
(B) and the ratio of the boom lift (f) to the span (B)
(fig. 1).

The frameworks of the furnaces of glassmaking
production are calculated on the basis of the spacer
efforts created by the arch [1—4]. Calculation of the
arch spacer is based on the most difficult case, when
the arch becomes exposed under the influence of the
temperature expansion of the inner layers (fig. 2, 3).

The most crucial moment of redistribution of
forces in the elements of the metal frame system of
glassmaking furnaces falls on the period of putting
them into operation [5]. The rise in the temperature
regime leads [6] to the appearance of an additional
growth of the lining and an increase in the expan�
sion of the arch of the furnace [7–10]. The maxi�
mum coefficient of thermal expansion is inherent in
the dinas refractory, which forms the arch of the fur�
nace and lies within 11,5–13,0.106 1°С [11,12].

It is believed that with a mass of the arch g, a
load equal to half the mass of the arch, applied to the
middle of the rod, will act on each rod [13]. Then
from the equality of the twisting moments with re�
spect to the support point A it follows that:

, whence 
h

gLP
8

= , (1)

where  h – arrow of the arch in m;
L – span of the arch in m;
g – mass of the arch between the posts in t;
P – expander of the arch.

As can be seen from equation (1), the expansion of
the arch is greater the greater the relative value of
the boom and the smaller the central angle. The heat�
ing casing expands and creates additional pressure
on the heels. To take this pressure into account, the
calculated value P at the temperature under the roof
of the furnace to 900 °С is multiplied by 2, up to
1 000 °С multiplied by 2.5 and up to 1 300 °С by 3,
and to 1 500 °С by 3.5.

To obtain statistical data, more than 30 glass�
making furnaces were inspected. On their basis,

Figure 1. Cross section of the reaction chamber: В —
chamber width, m; Н — chamber height, m; f — arch
lifting boom, m; R — boom radius arch, m; α — the
central corner of the arch, m.

1
2 4
g Ph⋅ =
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regression dependences of the constructive deci�
sions of glass furnaces have been constructed. Graphs
of regression dependencies are presented in figures
4–6. The position of the center of the arch circumfer�
ence can be found by the formula (2):

( )2 21 4
8

R B f
f

= ⋅ + . (2)

The central angle α can be expressed by the for�
mula (3):

( )2 2

24arcsin
4

f

B f
α

⎡ ⎤
⎢ ⎥=
⎢ ⎥+⎣ ⎦

.  (3)

 Cross section of the arch:

св
св( 2 )

3 6 0св
hS R hπ α

= ⋅ + . (4)

Main part

These factors are characterized as quantitative, since
they are given by numerical values that determine
possible areas of change of the parameter under con�
sideration [14–17].

When constructing a mathematical model, a tran�
sition from the actual (natural) value of the factor
to the coded (standardized) one is made.

In constructing a mathematical model, a transi�
tion from the actual (natural) value of the factor to
the coded (standardized) one was carried out, ac�
cording to the formula (4):

0i j
i

j

x x
x

x
−

=
Δ

, (4)

where x
i
 – the normalized value of the factor;

x
j
 — the natural value of the factor;

x
j0 — the main factor level;

Δx
j
 — the factor variation interval.

The designation of the relevant factors, as well as
their coding, are presented in table 1.

The implementation of the full factorial experi�
ment (PFE) with the variation of all factors at two
levels required 23 experiments. In order to evalua�
te the pure error of the experiment, the plan was
replicated. According to the Cochran distribution
table, with a significance level of α = 0.05, the crit�
ical value of the Cochran test was determined, and
Gcr = 0.6798 was obtained. Since Gp <Gcr, the hy�
pothesis of homogeneity of variances is adopted,
thus, there was no need for a re�experiment.

After carrying out the experiments, an imitation
model was constructed at all points of the factor
space and the coefficients of the regression equation
were found, for which the least squares method was
used.

The simulation model is presented in the form
(5):

1 2 3 0
1 1 1

( , , )
k k k

i i ij i j
i i j i

Y x x x b b x b x x
= = = +

= + +∑ ∑ ∑ , (5)

where b0 — free term;
b

i
 — factor with linear terms, reflecting the in�

fluence of the i factor on the response function;
b

ij
 — coefficient of the terms that represent the

pairwise linear interactions,
k — the number of input parameters.

The resulting coefficients of the regression equa�
tion are presented in table 4.

The importance of regression coefficients was
checked. A variance of reproducibility was prelim�
inarily determined (dispersion of the response), =
44,05. The variance of the coefficients of the re�
gression equation (6) was:

753153.2==
2

2
nm

S
S восп

b , 659263.1== 2
bb SS ,   (6)

Figure 3. Scheme of calculating the arch spacer.Figure 2. Аrch spacer.
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Figure 6. Dependence of the boom of the arch (f) from the boom radius (R) and the central angle of the arch (α).

Figure 5. Dependence of the width of the chamber (B) on the boom lift (f).

Figure 4. Dependence of the width of the chamber (B) on the height of the furnace chamber (H).
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where n — the number of experiments (variants);
m — the number of parallel experiments.

The value of the confidence interval for the regres�
sion coefficients was found. According to the Stu�
dent’s distribution table with the significance le�
vel α = 0.05, the theoretical value of the Student’s
test is equal to 0,05,8 2.31t = , whence Δb

j
  = 3.832 897.

From the comparison of the confidence interval
Δb

j
 with the absolute values of the model coeffi�

cients it follows that the coefficient is insignifi�
cant and since all the coefficients of the equation
were evaluated independently, the elimination of
the coefficient Δb123 from the equation does not
lead to a change in other estimates and their vari�
ances; therefore, it can be excluded from the equa�
tion, the remaining coefficients are significant.
Thus, the final regression equation can be written
in the form (7):

Table 1. Coding of FFA�2k factors

Levels of factors № Code The physical meaning of the factor Interval 
−1 0 +1 

1 X1 
Coefficient k, depending on the 

temperature under the arch 0.75 2.00 2.75 3.50 

2 X2 Span of the Arch, В, m 2 4 6 8 
3 X3 f − ratio of boom lift to span В, m 1/2 1/10 1/8 1/6 

Table 2. Value of coefficient k depending on temperature

The temperature under the arch control 
thermocouple, Т, °С 

under 
900 

from 900 to 
1 000 

from 1 000  
to 1 300 

from 1 300  
to 1 500 

Coefficient k 2.0 2.5 3.0 3.5 

Table 3. The matrix for planning the experiment of the FFE with allowance for the interaction of factors

State variable 
(response, R), kN  Factors 

(coded values) 
Experiment 1 Experiment 2 Average № 

X0 X1 X2 X3 X1 X2 X1 X3 X2 X3 X1 X2 X3 Y1 Y2 Yav 

1 + + + + + + + + 160.570 142.731 151.651 
2 + − + + − − + − 91.755 81.560 86.658 
3 + − − + + − − + 46.887 41.677 44.282 
4 + + − + − + − − 82.052 72.935 77.494 
5 + + − − − − + + 128.860 123.706 126.283 
6 + + + − + − − − 254.100 243.943 249.025 
7 + − + − − + − + 145.200 139.396 142.300 
8 + − − − + + + − 73.634 70.689 72.161 

Table 4. Coefficients of regression

b0 b1 b2 b3 b12 b13 b23 b123 
118.73 32.38 38.67 −28.71 10.54 −7.83 −9.54 −2.60 
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, 1

2 3

1 2 1 3 2 3

ˆ 118.7322 32.38152

38.67675 28.7106
10.54821 7.83016 9.54353 .

mod уy x

x x
x x x x x x

= + +

+ +

+
(7)

The results of calculating the output parameters
from the equation of the obtained model are given
in table 5.

The adequacy of the obtained regression equa�
tion to the experimental data was verified with
the help of the Fisher test, for which the deviation
of the output quantity predicted by the regression

To record a mathematical model in real physical
quantities, a reverse transition from a standardized
scale to a natural one is made, thus, the final form of
the model (8) is obtained:

,
2.75 6ˆ 118.7322 32.38152 38.67675

0.75 2
1/ 8 2.75 628.7106 10.54821

1/ 2 0.75 2
2.75 1/ 87.83016

0.75 1/ 2
6 1/ 89.54353 .

2 1/ 2

mod у
k By

f k B

k f

B f

⋅ ⋅
= + + ×

⋅ ⋅ ⋅
× + ×

⋅ ⋅
× ×

⋅ ⋅
×

  (8)

To record a mathematical model in real physi�
cal quantities, a reverse transition from a standard�
ized scale to a natural one is performed, thus ob�
taining the final form of the model (9):

.
ˆ 7 1575475 3.59252 1.19289

57.25998 7.03214 20.88 9.54353 .
mod y

y = . + k + B+

f + kB kf Bf+
       (9)

Figures 7–9 show the response surfaces, where
Y (R) is the response function.

The response function will then have the form
(10):

ˆ 7.16 1.19 57.26 9.54y(B, f)= + B+ f Bf . (10)

The response function will then have the form
(11):

ˆ 7.16 3.59 57.26 20.88y(k, f)= + k + f kf .(11)

The response function will then have the form (12):

ˆ 7.16 3.59 1.19 7.03y(k,B)= + k + B+ kB . (12)

equation from the results of the experiment at var�
ious points was estimated. According to the Fish�
er distribution table, with a significance level of
α = 0.01, the critical value of the Fisher criterion
is found to be F

crit = 5.32. Since F
exp

<F
crit

, the hy�
pothesis of the adequacy of the model obtained is
accepted [17–20].

Table 5. The results of calculating the output parameters
from the equation of the obtained model

average model 

cpy  Ymod 

151.65170 154.2538 
86.65813 84.0548 
44.28252 46.8846 
77.49441 74.8908 
126.28320 128.8862 
249.02580 246.4232 
142.30040 144.9034 
72.16183 69.5592 

Figure 7. The response surface for k=0.
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Conclusions

The hypothesis of reproducibility of experiments
is checked. She confirmed the fact that there was
no need to conduct a repeat experiment. The analy�
sis of the model has shown the significance of not
only linear effects but also of paired interactions of
factors. Moreover, the span of the arch B exerts a
stronger influence than the coefficient k, and the

Figure 8. The response surface at B=0.

Figure 9. The response surface at f=0.

ratio of the boom lift of the arch f is even less signif�
icant, compared to the previous 2 factors. Signifi�
cant were 2 coefficients from three joint factors.
Compatibility of effects was established, with the
strongest joint influence of factors (X1 and X2). It
was revealed that the joint influence of the 3 factors
on the response function does not influence.
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