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Àíîòàö³ÿ. Ñòàòòÿ º ðîçâèòêîì òåîð³¿ ðîçðàõóíêó ñêëàäåíèõ ïëàñòèí À.Ð.Ðæàíèöèíà. Ðîçãëÿäàþòüñÿ
äâîøàðîâ³ ñêëàäåí³ ïëàñòèíè, ó ÿêèõ òâåðä³ñòü øâà (x - êîåô³ö³ºíò òâåðäîñò³ çâ'ÿçê³â çñóâó) çì³íþºòüñÿ
çà êóñî÷íî-ïîñò³éíèì çàêîíîì. Ïîïåðå÷í³ çâ'ÿçêè ïðèéìàþòüñÿ ÿê àáñîëþòíî òâåðä³. Äëÿ âèð³øåííÿ
ñèñòåìè ðîçâ'ÿçíèõ äèôåðåíö³àëüíèõ ð³âíÿíü çàëó÷àºòüñÿ ðîçðîáëåíèé íà êàôåäð³ "Áóä³âåëüíà ìåõàí-
³êà" ÌÃÁÓ ÷èñåëüíèé ìåòîä ïîñë³äîâíèõ àïðîêñèìàö³é (ÌÏÀ). Ð³çíèöåâà ôîðìà ÌÏÀ ìàº âèñîêó
òî÷í³ñòü ³ äîçâîëÿº âðàõîâóâàòè ðîçðèâè ôóíêö³é ³ ¿õí³õ ïåðøèõ ïîõ³äíèõ. Çàïðîïîíîâàíèé àëãîðèòì
³ëþñòðóºòüñÿ íà ïðèêëàä³ ðîçðàõóíêó øàðí³ðíî-îïåðòî¿ ïî âñüîìó êîíòóðó êâàäðàòíî¿ äâîøàðîâî¿ ïëà-
ñòèíè ïðè ä³¿ ð³âíîì³ðíî ðîçïîä³ëåíîãî ïî âñ³é ¿¿ ïîâåðõí³ íàâàíòàæåííÿ. Çàäàºòüñÿ ñòðèáêîïîä³áíà
çì³íà êîåô³ö³ºíòà òâåðäîñò³ çâ'ÿçê³â çñóâó ó äâîõ íàïðÿìêàõ. Íàâîäÿòüñÿ ðåçóëüòàòè ðîçðàõóíêó. Ïîêà-
çóºòüñÿ ìîæëèâ³ñòü çàñòîñóâàííÿ ìåòîäèêè äî ðîçðàõóíêó áàãàòîøàðîâèõ ïëàñòèí.

Êëþ÷îâ³ ñëîâà: òåîð³ÿ ðîçðàõóíêó ñêëàäåíèõ ïëàñòèí À.Ð. Ðæàíèöèíà, êîåô³ö³ºíò òâåðäîñò³ çâ'ÿçê³â
çñóâó, áàãàòîøàðîâ³ ïëàñòèíè.
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Àííîòàöèÿ. Ñòàòüÿ ÿâëÿåòñÿ ðàçâèòèåì òåîðèè ðàñ÷åòà ñîñòàâíûõ ïëàñòèí À.Ð. Ðæàíèöûíà. Ðàññìàò-
ðèâàþòñÿ äâóõñëîéíûå ñîñòàâíûå ïëàñòèíû, â êîòîðûõ æåñòêîñòü øâà (x - êîýôôèöèåíò æåñòêîñòè
ñâÿçåé ñäâèãà) ìåíÿåòñÿ ïî êóñî÷íî-ïîñòîÿííîìó çàêîíó. Ïîïåðå÷íûå ñâÿçè ïðèíèìàþòñÿ êàê àáñî-
ëþòíî æåñòêèå. Äëÿ ðåøåíèÿ ñèñòåìû ðàçðåøàþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèå ïðèâëåêàåòñÿ ðàç-
ðàáîòàííûé íà êàôåäðå "Ñòðîèòåëüíàÿ ìåõàíèêà" ÌÃÑÓ ÷èñëåííûé ìåòîä ïîñëåäîâàòåëüíûõ àïïðîê-
ñèìàöèé (ÌÏÀ). Ðàçíîñòíàÿ ôîðìà ÌÏÀ îáëàäàåò âûñîêîé òî÷íîñòüþ è ïîçâîëÿåò ó÷èòûâàòü ðàçðû-
âû ôóíêöèé  è èõ ïåðâûõ ïðîèçâîäíûõ. Ïðåäëîæåííûé àëãîðèòì èëëþñòðèðóåòñÿ íà ïðèìåðå ðàñ÷åòà
øàðíèðíî-îïåðòîé ïî âñåìó êîíòóðó êâàäðàòíîé äâóõñëîéíîé ïëàñòèíû ïðè äåéñòâèè ðàâíîìåðíî
ðàñïðåäåëåííîé ïî âñåé åå ïîâåðõíîñòè íàãðóçêè. Çàäàåòñÿ ñêà÷êîîáðàçíîå èçìåíåíèå êîýôôèöèåíòà
æåñòêîñòè ñâÿçåé ñäâèãà â äâóõ íàïðàâëåíèÿõ. Ïðèâîäÿòñÿ ðåçóëüòàòû ðàñ÷åòà. Ïîêàçûâàåòñÿ âîçìîæ-
íîñòü ïðèìåíåíèÿ ìåòîäèêè ê ðàñ÷åòó ìíîãîñëîéíûõ ïëàñòèí.

Êëþ÷åâûå ñëîâà: òåîðèÿ ðàñ÷åòà ñîñòàâíûõ ïëàñòèí À.Ð.Ðæàíèöûíà, êîýôôèöèåíò æåñòêîñòè
ñâÿçåé ñäâèãà, ìíîãîñëîéíûå ïëàñòèíû.
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Abstract. This article is a result of the development of the theory of designing A.R. Rzhanitsyn's composite
plates. Two-layer composite plates are considered, a seam stiffness in which (x - a stiffness factor of shift
bonds) varies by the piecewise-constant law. Cross-section bonds are accepted as absolutely rigid. To solve
the system of resolving differential equations there is involved a numerical method of successive approximations
(MSA) developed at the faculty "Structural Mechanics", MGSU. A MSA differential form possesses a high
accuracy and allows considering breaks of the functions and their first derivatives. The algorithm offered is
illustrated on the example of designing a square two-layer plate pin-supported along the whole contour under
loading evenly distributed on its surface. A spasmodic change of the stiffness factor of shift bonds in two
directions is set. There are given the design results. An opportunity of using the technique for designing
multilayered plates is shown.

Keywords: theory of designing A.R. Rzhanitsyn's composite plates, stiffness factor of shift bonds,
multilayered plates.

Íà ïðèìåðå äâóõñëîéíîé ñîñòàâíîé ïëàñòèíû
ñ íóëåâîé òîëùèíîé øâà ðàññìîòðèì ñëó÷àé,
êîãäà êîýôôèöèåíò æåñòêîñòè øâà x ìåíÿåò-
ñÿ ñêà÷êîîáðàçíî, ïðè÷åì íà íåêîòîðûõ (íå-
ïðîêëååííûõ) ó÷àñòêàõ x  ìîæåò ðàâíÿòüñÿ
íóëþ. Äëÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî íà
êàæäîì èç ó÷àñòêîâ  I-IV (ðèñ.1) x èìååò ïî-
ñòîÿííûå, íî ðàçíûå ïî âåëè÷èíå çíà÷åíèÿ.
Òîãäà â òî÷êå ij êâàäðàòíîé ñåòêè èìååì 4 çíà-
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  Ïî òåîðèè À.Ð.Ðæàíèöûíà [2] ïðè x=cînst

ðàññìàòðèâàåìàÿ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ
òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà. Çàïèøåì ýòè
óðàâíåíèÿ â áåçðàçìåðíîì âèäå:
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à � äëèíà îäíîé èç ñòîðîí ïëàñòèíû. Â îáùåì
ñëó÷àå ñóììàðíàÿ æåñòêîñòü ñîñòàâëÿþùèõ
ïëàñòèí

¦�
 �

 
�

�

�
�� �����

Q

L
LK

(
'

P
.

Çäåñü n  � ÷èñëî øâîâ; hi � òîëùèíà êàæäîãî
ñëîÿ; E � ìîäóëü óïðóãîñòè, îäèíàêîâûé äëÿ
âñåõ ñëîåâ; µ � êîýôôèöèåíò Ïóàññîíà. Â ðàñ-
ñìàòðèâàåìîì ñëó÷àå, êîãäà ñîñòàâíàÿ ïëàñòè-
íà ñîñòîèò èç äâóõ ñëîåâ òîëùèíîé h,
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Ì � ñóììàðíûé èçãèáàþùèé ìîìåíò, èìåþ-
ùèé òîò æå ñìûñë, ÷òî è â ñïëîøíûõ ïëàñòè-
íàõ [3]; Ò � ïîòåíöèàëüíàÿ ôóíêöèÿ âîçíèêà-
þùèõ â øâàõ ñäâèãàþùèõ ñèë [2]; W � ïðîãè-
áû ñîñòàâíîé ïëàñòèíû; q � ðàñïðåäåëåííàÿ
ïî ïðîèçâîëüíîìó çàêîíó ïîïåðå÷íàÿ íàãðóçêà.

Ðàññìàòðèâàåìàÿ çàäà÷à â ñèëó ñâîåé ñëîæ-
íîñòè ìîæåò áûòü ðåøåíà òîëüêî ÷èñëåííî.
Äëÿ àïïðîêñèìàöèè äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (1) àëãåáðàè÷åñêèì óðàâíåíèåì
âîñïîëüçóåìñÿ èìåþùèì âûñîêóþ òî÷íîñòü
ìåòîäîì ïîñëåäîâàòåëüíûõ àïïðîêñèìàöèé
(ÌÏÀ). Èç óðàâíåíèÿ ÌÏÀ, àïïðîêñèìèðó-
þùåãî äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî
ïîðÿäêà îáùåãî âèäà [1], ïîëó÷èì, êàê ÷àñò-
íûé ñëó÷àé, àëãåáðàè÷åñêîå óðàâíåíèå, àïï-
ðîêñèìèðóþùåå äèôôåðåíöèàëüíîå óðàâíå-
íèå (1). Çàïèøåì åãî íà êâàäðàòíîé ñåòêå ñ
øàãîì t (ðèñ.1), ïîëàãàÿ, ÷òî ôóíêöèÿ m íå-
ïðåðûâíà, íî èìååò ðàçðûâíûå ÷àñòíûå ïðî-
èçâîäíûå
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îñòàëüíûå ÷ëåíû óðàâíåíèÿ òàêîãî òèïà èìå-
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 Âåðõíèé ëåâûé èíäåêñ îçíà÷àåò ïðèíàä-
ëåæíîñòü âåëè÷èíû òîìó èëè èíîìó ýëåìåíòó
(ðèñ.1). Íàïðèìåð, LM

, S  � âåëè÷èíà S  â ò. ij,
ïðèíàäëåæàùàÿ ýëåìåíòó I. Èìååòñÿ â âèäó,
÷òî � ôóíêöèÿ, èìåþùàÿ âìåñòå ñî ñâîèìè
ïåðâûìè ÷àñòíûìè ïðîèçâîäíûìè êîíå÷íûå
ðàçðûâû íà ãðàíèöàõ ýëåìåíòîâ. Óðàâíåíèå
(5) ïîçâîëÿåò ðàññ÷èòûâàòü ïëàñòèíû íà ðàç-
ðûâíûå ðàñïðåäåëåííûå íàãðóçêè   è ïîëîñî-
âûå íàãðóçêè \P' , TP' .

Èç ñðàâíåíèÿ (3) ñ (1) ñëåäóåò, ÷òî äëÿ àï-
ïðîêñèìàöèè äèôôåðåíöèàëüíîãî óðàâíåíèÿ
(3) ðàçíîñòíûì óðàâíåíèåì ÌÏÀ äîñòàòî÷íî
â (5)  çàìåíèòü P  íà Z , S  � íà �a� WP � . Ñî-
îòâåòñòâóþùåå (3) ðàçíîñòíîå óðàâíåíèå ìû
çäåñü íå ïðèâîäèì. Îòìåòèì ëèøü, ÷òî â ïðåä-
ïîëîæåíèè î íåðàçðûâíîñòè ôóíêöèé  è  âìå-
ñòå ñî ñâîèìè ïåðâûìè ÷àñòíûìè ïðîèçâîäíû-
ìè ýòî ðàçíîñòíîå óðàâíåíèå êîíñòðóèðóåòñÿ
äîñòàòî÷íî ïðîñòî.

Äèôôåðåíöèàëüíîå óðàâíåíèå (2), êàê è
(1), (3), ïðåäñòàâëÿåò ñîáîé óðàâíåíèå Ïóàñ-
ñîíà äëÿ äâóìåðíîé çàäà÷è. Äëÿ àïïðîêñèìà-
öèè (2) íåîáõîäèìî: â ëåâîé ÷àñòè (5) m çàìå-
íèòü íà Wa , â ïðàâîé �  p íà � �WPN a��

a
� . Íî

ñëåäóåò ó÷åñòü, ÷òî N
a

� âåëè÷èíà ðàçðûâíàÿ,
è ìåíÿåòñÿ â ñèëó (4) ïî òîìó æå çàêîíó, ÷òî è
êîýôôèöèåíò æåñòêîñòè x. Ïîñëå íåñëîæíûõ
ïðåîáðàçîâàíèé ïîëó÷èì ñëåäóþùåå ðàçíî-
ñòíîå óðàâíåíèå:

(5)

Ðèñ. 1.
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Îñòàëüíûå êîýôôèöèåíòû òàêîãî òèïà èìå-
þò àíàëîãè÷íûé ñìûñë; LM
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â ò.  LM ñåòêè (ðèñ.1), ïðèíàäëå-

æàùèå ñîîòâåòñòâåííî ýëåìåíòàì I, II, III, IV.
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èç (6) êàê ÷àñò-
íûé ñëó÷àé ñëåäóåò áîëåå ïðîñòîå óðàâíåíèå
äëÿ ñîñòàâíîé ïëèòû ñ x=const.

Åñëè êðàÿ ñîñòàâíîé ïëàñòèíû øàðíèðíî
îïåðòû è íå èìåþò ïðåïÿòñòâèÿ ñäâèãàì [2],
òî íà êðàÿõ èìååì óñëîâèÿ: �a    WPZ .
Ïðè òàêèõ êðàåâûõ óñëîâèÿõ ïîëó÷åííûõ
âûøå òðåõ òèïîâ óðàâíåíèé ÌÏÀ äîñòàòî÷íî
äëÿ îïðåäåëåíèÿ  �P �aW Z   âî âíóòðåííèõ òî÷-
êàõ ñåòêè. Ïðè äðóãèõ ãðàíè÷íûõ óñëîâèÿõ ðàç-
íîñòíûå óðàâíåíèÿ äëÿ êðàåâûõ òî÷åê òàêæå
ïîëó÷àþòñÿ ñ èñïîëüçîâàíèåì [1].

Åñëè ïëàñòèíà ñîñòîèò íå èç äâóõ, à íå-
ñêîëüêèõ ñëîåâ, ìåíÿþòñÿ ëèøü ïðàâûå ÷àñòè
óðàâíåíèé (3) è (2), ïîðÿäîê èõ ñîõðàíÿåòñÿ.
Ïðè÷åì óðàâíåíèé òèïà (2) áóäåò ñòîëüêî,
ñêîëüêî øâîâ [2]. Ïðè ýòîì ïðèåì ïåðåõîäà îò

äèôôåðåíöèàëüíûõ óðàâíåíèé ê ðàçíîñòíûì
ïî [1] ñîõðàíÿåòñÿ.

Îïèñàííûé çäåñü àëãîðèòì ïðîèëëþñòðè-
ðóåì íà ïðèìåðå ðàñ÷åòà øàðíèðíî îïåðòîé ïî
âñåìó êîíòóðó êâàäðàòíîé äâóõñëîéíîé ïëàñ-
òèíû ïðè äåéñòâèè ðàâíîìåðíî ðàñïðåäåëåí-
íîé ïî âñåé åå ïîâåðõíîñòè áåçðàçìåðíîé íà-
ãðóçêè  S =10. Íà êðàÿõ �a    PWZ . Áó-
äåì ïîëàãàòü, ÷òî íà çàøòðèõîâàííîì ó÷àñòêå
ïëàñòèíû N

a
=0,5; íà ïðî÷èõ ó÷àñòêàõ N

a
=3

(ðèñ.2).
Äëÿ îïðåäåëåíèÿ  P  çàïèñûâàåì óðàâíå-

íèå (5) â òî÷êàõ 11, 21, 22 ñåòêè ñ ó÷åòîì êðàå-
âûõ óñëîâèé è ñèììåòðèè çàäà÷è ïðè

� ' ' ' ' T\T\ SSPP  è ��� W .
Äëÿ ò.11, íàïðèìåð, ýòî óðàâíåíèå çàïèøåòñÿ
òàê:
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��� ������� ���� ��� PPP .

Çàïèñàâ (5) äëÿ ò.ò.21, 22, èç ðåøåíèÿ ýòèõ
òðåõ óðàâíåíèé íàõîäèì: m11=0,4540;
m21=0,5741; m22=0,7376. Äëÿ çàïèñè (6) â òåõ
æå òî÷êàõ 11, 21, 22 ïðåäâàðèòåëüíî ñëåäóåò
âûïèñàòü çíà÷åíèÿ äëÿ êàæäîé ðàñ÷åòíîé
òî÷êè, ïîëüçóÿñü íóìåðàöèåé ýëåìåíòîâ íà
ðèñ.1. Íàïðèìåð, òî÷êà 11:
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äëÿ ò.11 ñ ó÷åòîì íàéäåííûõ çíà÷åíèé m
çàïèøåòñÿ òàê:

(6)

Ðèñ. 2.
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Çàïèñàâ (6) è äëÿ ò.ò. 21, 22 èç ðåøåíèÿ òðåõ
óðàâíåíèé íàõîäèì: �������a

��  W ;
�������a

��  W ; ������a
��  W . Äàëåå çàïèñûâà-

åòñÿ â ò.ò. 11, 21, 22 ðàçíîñòíîå óðàâíåíèå
ÌÏÀ, àïïðîêñèìèðóþùåå (3). Ïðè ýòîì ó÷èòû-
âàþòñÿ êðàåâûå óñëîâèÿ, ñèììåòðèÿ, W  =1/4 è
íàéäåííûå çíà÷åíèÿ  P  è Wa . Èç ðåøåíèÿ ýòèõ

óðàâíåíèé ñëåäóåò: ���������  Z ;
���������  Z ; ���������  Z . Çíà÷åíèÿ  â ýòîé

çàäà÷å çíà÷èòåëüíî áîëüøå ïî ñðàâíåíèþ ñ
ðàñ÷åòîì òîé æå ïëàñòèíû ïðè �

a
  QVWN ,

ãäå, íàïðèìåð, ���������  Z .
Â çàêëþ÷åíèå îòìåòèì, ÷òî ðàçðàáîòàííûé

÷èñëåííûé àëãîðèòì ìîæåò áûòü èñïîëüçîâàí
â èíæåíåðíûõ ðàñ÷åòàõ.
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